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lated to the definition of heat transfer coefficient should be re-
called. Since the expression for radiation jump is much more
involved than for "conduction jump/' the nature of Eq. (26)
should be expected. Note that the nongrayness of gas and
boundary has only parametric effects on this equation.

Large-time solution
The mathematical elaborations of Ref. 12 on the related

problem are informative but hardly necessary. Clearly, an
asymptotic expansion of T(r,t) can be deduced from the be-
havior of T(r,p) near its singularity with largest real part,
p = 0 (see, for example, Ref. 16, pp. 419-420). Hence, not-
ing, for large values of time (small values of p), that

a first approximation to Eq. (24) may be written as
!A*] (27)

The inversion of this equation (see, for example, Pair 812 of
Ref. 15) is

r* "I /A*r* A*2A
W*\ ~ expl~iT + TV x

y^+x*(0'' (28)
erfc

definitions of r* and A* remaining identical to those given
in the small time solution. The jump in boundary tempera-
ture then follows

\KO,0/<A" = 1 - exp(X*Vf) erfc[A*(£/f)1/2]

It is interesting to note that the approximate large time
solution given by Eq. (28) is identical in form to the exact solu-
tion of the unsteady conduction in a semi-infinite solid whose
ambient temperature assumes a step change. The complex-
ity of Eq. (28) is again comparable with that of the related
solutions of Ref. 12. The difference between the penetrations
of radiation and conduction results in the "wavelike motion"
discussed in Ref. 12. A similar behavior is not observed here
because of the absence of conduction. Since the results of
Ref. 12 hold for small (Po but not for (P0 = 0, a direct compari-
son between this reference and the present study is not possi-
ble.
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Effects of a Nonrigidly Supported
Ballast on the Dynamics of a Slender

Body Descending Through
the Atmosphere

GERALD N. MALCOLM*
NASA Ames Research Center, Moffett Field, Calif.

Introduction

MANY atmosphere-entry bodies, particularly slender
bodies, are ballasted for adequate aerodynamic static

stability. The ballast typically is heavy, dense, and difficult
to support in a perfectly rigid fashion under dynamic condi-
tions. The purpose of this Note is to report some effects on
the vehicle dynamics when the ballast is not rigidly supported

O Center of pressure
O Cone center of gravity
® System center of gravity (with rigid ballast)

Inertial axis

Fig. 1 Vehicle system.
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Fig. 2 Flight trajectory parameters for example case.

but oscillates as part of a coupled system with the main
vehicle. A specific example—a slender cone with spring-
mass system to represent the ballast arrangement—is used to
illustrate some of the possible results of vehicle-ballast dy-
namic interaction.

Equations of Motion

The cone motion is restricted to one degree of freedom in
rotation (pitch) and two degrees of freedom in translation, all
in a single plane. The ballast motion is restricted to this
same plane and has one-dimensional motion perpendicular to
the cone axis. The system is shown in Fig. la where mi and
m2 are the masses of the cone and ballast, respectively. The
centers of gravity of the cone alone, £C(7cone, and of the system,
xcgeyB (if the ballast were rigidly mounted), are shown with the
aerodynamic center of pressure, xcp. The distance of the bal-
last center of gravity from the reference point (i.e., the center-
of-gravity position of the cone alone) is #&. Note that xcffsys,
the center of gravity of a system consisting of a vehicle with
moving parts, does not remain stationary, so is not a suitable
reference. The total spring constant in the ballast system is
k.

This system is shown again in Fig. Ib with an inertial refer-
ence system and body-fixed aerodynamic forces Fx and FN-
The center of rotation for the aerodynamic moment, M0, is
the center of gravity of the cone alone. Shown also are
angles 6, the angular position of the cone with respect to the
inertial x axis, a, the angle of attack, and 7, the swerve angle.

Referring to Fig. Ib we can write the differential equations
of motion. If small angles are assumed, for example,

sin(ce) = a, cos(a) == 1

and gravity forces are neglected, the moment and force rela-
tionships are

IS = Mo + (ky + by)xb + m&y (1)

= FN + ky + by (2)

ra2z'2 = ky — by (3)

® Frequency coalescence
A Ballast contacts cone wall

a/a0
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Fig. 3 Envelope of oscillatory cone motion for three
different spring stiffnesses.

Fig. 4 Envelope of oscillatory cone motion for various
ballast damping conditions, a) k = 5000 Ib/ft (foy = 4.37
cps); b) k = 15,000 Ib/ft (foy = 7.56 cps); c) k = 50,000

Ib/ft (f0y = 13.81 cps).

where

M0 = C

FN =

z'2 = %i + XbQ + y

+ CmqqmAd(d/V)6 + Cmac

, ̂  = Cx^A, x = -Fx/(mi

(4)

and / is the sum of moments of inertia of ballast and cone
about transverse axes through their respective centers of
gravity, b is a damping coefficient for the ballast system, qm is
freestream dynamic pressure, A is reference area (based on
diameter), and Cma, C#a, CXJ and Cmq + Cma are aerodynamic
coefficients for pitching-moment-curve slope, normal-force
slope, axial force, and damping in pitch, respectively.

By making use of various relationships that are consistent
with Fig. Ib, such as

6 = a + 7, zi = 77

and their derivatives, along with neglecting small terms and
terms with products of aerodynamic coefficients, the equations
of motion can be reduced to two simultaneous coupled dif-
ferential equations.

T .
I + m2

xb* a —

A A ( n m* n Xb \q^Ad I Cma — ——:—— CNa —r ) a\ mi + m2 d /

mi + m-2

xbij

CxqmAy = 0 (5)

.. mi + ra2
2/ + 2 '^—— M IT ) 2/ +mi

f m2 f k _ \
1l \W2/

xba + CNa a + ~ xb = 0 (6)mi \ V

where

CMQ = Cmq + Cma -

and

mid2/{I + [wim2/(rai +
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(The parameter 6crit is the critical damping value for the bal-
last system and is arbitrarily denned here as that minimum
value of b that would cause the ballast to lose its oscillatory
behavior if it were mounted on a stationary platform or if the
cone mass were infinite.) By assuming constant q^ and
neglecting aerodynamic and spring damping, these two equa-
tions can be solved in closed form and one can compute the
oscillatory frequencies of cone and ballast, coi and 6o2, respec-
tively. When these frequencies are equal, we have "fre-
quency coalescence." The closed-form solutions are useful in
indicating trends ; however, since qm is time variant in actual
atmosphere entry and we would normally have both aerody-
namic and ballast damping, the more realistic problem is one
in which the parameters vary as they would along a typical
entry trajectory. Both the simplified solutions and numeri-
cal solutions to the complete problem are discussed below.

Discussion of Results

A complete study of all the parameters that affect the oscil-
latory motion of the vehicle was not attempted. Rather, a
specific cone with a given flight trajectory, in terms of time,
velocity, and dynamic-pressure variation with altitude, was
used as a model. The effects of spring stiffness and spring
damping in the simulated ballast system and the effects of
aerodynamic damping were investigated to ascertain their
influence on the oscillatory frequency and amplitude of both
the ballast and the vehicle. The values used for the geometric
parameters and aerodynamic coefficients are as follows (see
Fig. 1):

d = 2.5 ft, I = 7.0 ft, xcgsya = 3.956 ft

z^cone = 4.780 ft, xcp = 4.928 ft, xb = 2.36 ft

mi = 12.36 slugs, ra2 = 6.64 slugs, I = 44.44 slug-ft2

CNa - 1.95, Cx = 0.075, Cma = -0.110

Cmq + Cw. = 0, -1.5

The flight trajectory used for the investigation is shown in
Fig. 2, where velocity, dynamic pressure, and oscillatory fre-
quency for a rigid system (infinite spring constant) are shown
for an altitude range from 200,000 to 20,000 ft. Also shown
is elapsed time with t = 0.0 at h = 200,000 ft. The initial
entry angle was taken to be — 22° .

Oscillatory motions of both conical vehicle and ballast were
obtained by integrating numerically the coupled Eqs. (5) and
(6) , where V and q^ were entered in tabular form as functions
of time. The motions were started at the velocity and dy-
namic pressure corresponding to 200,000 ft altitude. The
other initial conditions were a = 0.2, d = 0, T/ = 0, # = 0.
The resulting motions were then studied to determine the fre-
quency and amplitude behavior of both cone and ballast and
to seek pitching divergence.

Initially, the primary oscillatory frequencies of the two
motions are much different. At high altitude (where g^ is
very small), the ballast oscillates at a primary frequency fy
near the natural frequency for a two-body system uninflu-
enced by any external forces or moment; that is,

, _ JL /AY/2 fmi
" ~ 27T \mj \

mi -f m2
l/2

where f0y is the natural frequency of a simple mass spring-
mounted to a rigid platform. Initially each motion for y and
a has a secondary natural frequency, which is simply the
other's primary natural frequency. As the dynamic pressure
increases with time, the primary oscillatory frequency fa of
the cone increases at a faster rate than would be expected for
a rigid system and the primary ballast frequency decreases

until the ballast and cone frequencies are the same (frequency
coalescence). The motion, however, diverges sometime be-
fore frequency coalescence takes place. The amplitude of
both cone and ballast increase until the ballast hits the cone.
At this point describing the motion of the system becomes
more complex and is beyond the scope of this investigation.

The results obtained for the effect of the ballast (with three
different spring constants) on the cone motion are illustrated
in Fig. 3 where the amplitude history of the cone with a
nonrigid ballast is compared to one calculated for a com-
pletely rigid system. Note that for the rigid body the am-
plitude decreases despite the fact that Cmq + Cm« = 0 be-
cause of the increasing qm with time and the damping contri-
bution from plunging. It is apparent that the amplitude ratio
is affected by the ballast long before frequency coalescence
conditions occur; in fact, the motion diverges before coales-
cence conditions are reached. The point at which the ballast
reaches the cone wall is also indicated. It can also be seen
that decreasing the stiffness (k) of the ballast produces oscil-
latory divergence at a higher altitude (and lower qm). Mo-
tions obtained from closed-form solutions help to show why
the coupled motion of the ballast and cone cause divergence
prior to frequency coalescence.

Consider a case where the ballast and cone oscillate at a
constant value of qm corresponding to a value just prior to
frequency coalescence. When the two bodies oscillate at
nearly identical natural frequencies, a "beat frequency'7 is
established in which the ballast motion first lags, then leads
the cone motion. At frequency coalescence the ballast lags
continuously. Applying this quasi-steady interpretation of
the lag phenomenon to the variable qm case we conclude that
the divergent motion occurs somewhat before frequency
coalescence is reached because of the >180° lag of the ballast
that is typical of part of the beat frequency motion. Be-
cause </co is continuously increasing, the beat frequency does
not fully form and the ballast lags continuously until coales-
cence.

Figure 4 shows the effect of introducing ballast damping
into the system for three different spring constants. The
damping values go to a practical upper limit of 77^ = 1.0 (the
critical damping value for the ballast system if the ballast were
attached to a rigid platform), and the effect of increased damp-
ing is to cause divergence to occur sooner in the flight. The
reason is simply that if the ballast system includes damping,
the ballast will lag behind the cone sooner than it would if
there were no internal damping. In all cases the amplitude
ratio is plotted until the ballast contacts the cone wall or the
amplitude ratio increases to 1.0, whichever occurs first. The
effect of adding aerodynamic damping (say, Cmq + Cm-a =
— 1.5) is simply to delay the onset of divergence, as one would
expect.

Conclusions

The effects of a nonrigidly supported ballast on the dy-
namic behavior of a slender body with linear aerodynamics
descending through the atmosphere in planar motion have
been investigated. Some important conclusions can be
drawn.

The point at which frequency coalescence (ballast and cone
frequencies are equal) occurs in a flight with variable dynamic
pressure can be predicted accurately by means of closed-form
solutions if constant values of dynamic pressure are assumed
and aerodynamic and ballast damping are ignored. How-
ever, it has been shown that the amplitude of oscillations
diverges before frequency coalescence is experienced. This
amplitude divergence is caused by the continuous >180°
phase lag of the ballast motion relative to that of the cone
just prior to frequency coalescence. (Phase lag is exactly
180° at frequency coalescence.) In addition, it was found
that 1) decreasing the stiffness of the ballast support causes
divergence earlier in the flight (higher altitude and lower
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dynamic pressure); 2) introducing damping into the ballast
system (at least up to the point of critical damping for the
ballast mounted on a stationary platform) produces the phase
lag sooner in the flight than if there were no internal damping
and therefore promotes earlier divergence of the oscillations;
and 3) aerodjoiamic damping delays the onset of divergence.

The analysis is presented more completely, and results ob-
tained are discussed more fully in Ref. 1.
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Characteristic Exponents for the
Triangular Points in the Elliptic

Restricted Problem of Three Bodies
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DANBY3 studied the linear stability of the triangular points
numerically using Floquet theory. He presented transi-

tion curves that separate the stable from the unstable orbits in
the fj,-e plane (/z is the ratio of the smaller primary to the sum
of the masses of the two primaries, and e is the eccentricity of
the primaries' orbit). These curves intersect the /* axis at //«
and /i0, where jua = 0.03852 is the limiting value of JJL for stable
orbits in the circular case, and /zo = 0.02859 is the value of ju
such that one of the periods of motion about the triangular
points is exactly twice the period of the orbit of the primaries
in the circular case.

Bennett2 obtained a first-order complicated analytical ex-
pression for the transition curves jiio using an analytical tech-
nique for determination of characteristic exponents. Alfriend
and Rand1 obtained second-order analytical expressions for the
transition curves at jua and JJLQ using the method of multiple
scales.5"7 Nayfeh and Kamel8 determined fourth-order
analytical expressions for the transition carves using a pertur-
bation technique.

In this Note, we obtain a second-order analytical expression
for the characteristic exponents and the transition curves using
Floquet theory9 and a perturbation technique used by Whit-
taker10 in the treatment of Mathieu equation. We use the
same formulation of Refs. 1 and 8.

The first variational equation about the triangular points
can be transformed into

a)
(2)

x" - 2y' - ghzx = 0

y" + 2x' - ghiy = 0

where primes denote differentiation with respect to the true
anomaly/ of the smaller body,

9(e,f) = (1 + e cos/)'1 (4)
It is known from Floquet theory9 that x and y have solutions
of the form

x,y = e*[<l>(f),t(f)] (5)
where * and \l/ are periodic with periods of 2ir or 47r. More-
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over, the transition curves that separate the stable from un-
stable domains in the /z-e plane correspond to 7 = 0. In the
interval 0 < JJL < jua, where jua is the critical value above which
the triangular points are unstable in the case e = 0, the period
27T corresponds to p = 0 whereas 4?r corresponds to pi0 =
0.02589. Therefore, there are transition curves that inter-
sect the JLI axis at //, = 0 and /AO. In the former case, the transi-
tion curve is the e axis. In this note, we determine the charac-
teristic exponents near ju0 and then deduce the transition
curves.

We seek expansions for *, \{/, 7, and ^ of the form

* = 0o + efa + e2*2 + . . .

^ = ^ o + e^i + e*^8 + . . .

7 = <?7i + e272 + . . .

M = Mo + epti +'e2M2 + • • •

(6)

(7)
(8)

(9)
Substituting Eq. (9) into Eq. (3), and expanding for small
we get

_n
n = 0

where

oo = f{l + [1 - 3Mo(l - Mo)]1 / 2j
£>0 = |{1 - [1 - 3/xo(l - Mo)]1/2}

k = -ai = (9/4*) (1 - 2ju

62 = — (Z2 = (9/4*)((1 - 2fJLo)fJL2 -

K = [1 - 3/io(l - Mo)]1/

(10)

(11)

(12)

(13)

(14)

(15)

(16)

On substitution of Eqs. (5-11) into Eqs. (1) and (2), expansion
for small e, and equating the coefficients of e°, e, and e2 to zero,
we obtain

order e°

order e

order e2

W + 200' - ooifo = 0

= -271*0' +
271^1 + 6i*0

•= -271^0' -
271*0 + ai^o

(18)

cos/ (19)

o cos/ (20)

- 60*2 = -

60*o cos2/ -

-272(^0' +

+ 60*1) cos/ (21)

a0^0 cos2/ — (OI^Q + «o^i) cos/ (22)

The solution of Eqs. (17) and (18) is

*o = A COST + B sinr
= aB COST — aA sinr

(23)
(24)

where

r = //2, a = (60 + 1/4) + (a0 + 1/4) -1 (25)


